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Abstract 



We derive a class of variational functionals which arise naturally in 
conformal geometry. In the special case when the Riemannian man- 
ifold is locally conformal flat, the functional coincides with the well 
studied functional which is the integration over the manifold of the 
| k-symmetric function of the Schouten tensor of the metric on the man- 

m ■ ifoid. 
q 

rn 

1 Introduction 

oo 

o 

The purpose of this article is to derive a class of variational functionals 
which arise naturally in conformal geometry. Recall on a Riemannian 
^ ' manifold (M n ,g), n > 3, the full Riemannian curvature tensor Rm 

■ decomposes as 

Rm = W P®g, 
where W denotes the Weyl tensor, 

-(Ric- - g) 



n-2 y 2(n-l)' 

denotes the Schouten tensor, and ® is the Kulkarni-Nomizu wedge 
product (see [Be87, pp. 110]). Under a conformal change of metrics 
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9w = e g, where w is a smooth function over the manifold, the 
Weyl curvature changes pointwisely as W 9w = e 2w W g . Thus, all the 
information of the Riemannian tensor under a conformal change of 
metrics is reflected by the change of the Schouten tensor, and it is 
natural to study the elementary symmetric function ak(g~ 1 P g ) (which 
we later denote as (Jk{g)) of the eigenvalues of the Schouten under 
the conformal change of metrics. For example when k = 1, a±(g) = 
2(n-i) -^g' where R g denotes the scalar curvature of g. The study of the 
equation o~\{g) = constant under conformal change of metrics is the 
classical Yamabe problem. In [V00], Viaclovsky proved the following 
statements: Consider the functional 

F k {g) ■= / <?k(g)dv g , (1) 

(i) : When k = 1 or 2, and 2k < n, F/, is variational in the confor- 
mal class of metrics g w € [g] with fixed volume one, i.e. the extremal 
metric for the functional in this class of metrics, when achieved, sat- 
isfies the equation 

&k(gw) = constant. 

(ii) When k > 3 and 2k < n, assertion in (i) only holds when the 
manifold M n is locally conformally flat. 

(iii) When k = 2, n = 4, F2(g) is conformally invariant; while 
for k = 77 and k > 3, Fk(g) is conformally invariant only when the 
manifold (M n ,g) is locally conformally flat. 

We remark that in [BG06], Branson and Gover have also proved 
that the metric being locally comformally flat is also a necessary con- 
dition for the statement of (ii) above. 

In this article, we generalize the role played by the curvature poly- 
nomial (Jk{g) to a new class of curvature invariant, v <y2k \g), so that: 
v <y2k \g) agrees with <Jk(g) when (M n ,g) is locally conformally flat; the 
functional 

Fk{9)=[ v^ k \g)dv g (2) 

satisfies the variational property in the statement (ii) above for all 
2k < n; J~k{g) is conformally invariant when 2k = n for all Riemannian 
manifolds (M n ,g). 
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Our construction is closely related to the recent construction for 
the Q curvature of R. Graham and Juhl [GJ06]. To state our result, 
we first recall some definitions and basic results. 

Definition 1 Given (X n+1 ,M n ,g + ) with smooth boundary dX = 
M n . Let r be a defining function for M n in X n+1 so that r > in X 
while r = on M and dr\M ^ 0. We say g + is conformally compact, 
if there exists such r so that (X n+1 ,r 2 g + ) is a compact manifold. We 
say (X n+1 ,M n ,g + ) is conformally compact Einstein if g + is Einstein 
(i.e. Ric g + = cg + for some constant c ). We call g + Poincare metric 
if Ric g + = —ng + . 

Feffer man- Graham [FG85] proved that for any given (M n ,go), 
there is an extension, g + , which is "asymptotically Poincare Einstein" 
in a neighborhood of M n , i.e. on [0, e) x M n for some positive e. 

For c sufficiently small, we have X c = {r < c} C X is diffeomor- 
phic to [0, c] x M. Hence, given a local coordinate chart (x 1 , • • • , x n ) 
on M, (r, x 1 , • • • , x n ) is a coordinate chart on X c . Thus, we can write 

g + = ^(dr 2 + h i j(r,x)dx t dx j ), (3) 

where h(r, •) is a metric defined for M c := r = c C X . We remark that 
in this expression, (X, r 2 g + ) is a compact manifold. 



dvolhir, x) = J det hij(r, x)dx 1 ■ ■ ■ dx 



We now expand the quantity y det (o'i) ™ an expansion near 



r = as 



det Mr, s) = ^\xM)r\ (4) 
k=0 



det hij(0, x) 



where v ( k \x, ho) is a curvature invariant of the metric h$ := hij(0, •). 

In [GOO], R. Graham asserted that vanished for k odd and 
2k < n; furthermore, he has established that when n is even, the quan- 
tity Jj^v^dvolho is conformally invariant over the conformal class of 
metrics of [ho]. This quantity is related to the conformal invariant 
term in the expansion of "renormalized volume" in the study of con- 
formal field theory. In the later papers, [GZ03], [FG02] and [GJ06], 
the authors have also established that the quantity is the same of the 
integral of the Q curvature and is an important global conformally 
invariant term. 
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Another fact which has been pointed out in [GJ06], based on a 
result in [SSOO], is that when ho is locally conformally flat, then 

vW(ho) = (-2)-'<7, (>*>)■ (5) 
In this article, we prove the following 

Theorem 2 For any metric h on M and 2k < n = dimM, define 
the functional 

Fk{h)= I v^ 2k \h)dvol h /(l dvol h )^, (6) 

J M JN 

then Tk is variational within the conformal class when 2k < n; i.e., 
the critical metric in [h] satisfies the equation 

v (2k) _ cons t an t_ 
For n = 2k, Fi± (h) is constant in the conformal class [h] . 

Remark 3 As we have mentioned before, the case n = 2k in the 
theorem above has been established earlier in [GOO]. 

For k = 1, 2 cases, the new curvature invariant i/ 2fc ) turns out to 
agree, up to a scale, with the well-studied curvature polynomial Ofc(g). 
Actually we have 

v (4) = jo- 2 (g). 

For k = 3, Graham and Juhl ([GJ06], page 5) have also listed the 
following formula for 



-3(5) + ^r^^h 



where (Bg)^ := ^V k V l W hkj + ^R kl Wi ikj is the Bach tensor of 
the metric. 

In this article, we carry out the computation for and 
As the computation indicates, a straight forward computation of i/ 6 ** 
is quite complicated. Instead, we derive the variational properties 
of i/ 6 -* under conformal change of metrics directly, which is another 
verification of our main theorem in this special case. Another pur- 
pose of the derivation is to derive the variational formulas of 
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under conformal change of metrics. We believe the study of the PDE 
v^(g w ) = constant will be of interest to problems in conformal ge- 
ometry. Another interesting question is the "uniqueness" problem of 
curvature invariants which are extensions of <7k(g) invariants in the 
locally conformally flat case and satisfy the properties as z/ 2fc ) in The- 
orem 2 above. We hope to address these two problems in a future 
work. 

This article is organized as follows: In Section 2, we prove The- 
orem [21 In Section 3, we explicitly compute v ^ and for all di- 
mension n; In Section 4, we show the variational property of v ^ and 
discuss some properties of this curvature invariants under conformal 
change of metrics. 



2 Proof of Theorem 2 



Suppose (X n+1 , M n , g + ) is a conformally compact Einstein manifold. 
Let r be an arbitrary smooth defining function for M = dX defined 
near M and set g = r 2 g+. We now recall some basic properties of 
the metric g+ in this setting with respect to the changing of defining 
functions. 

Lemma 4 ([GOO], Lemma 2.1 and 2.2]): 



(a) A metric on M in the conformal infinity of g + determines a 
unique defining function r in a neighborhood of M such that </|tm is 
the prescribed boundary metric with \dr\g = 1. 

(b) 

9+ = r 2 {dr 2 +g r ) (7) 
on [0, e) x M for some e > 0. Furthermore, 

g r =g + r 2 g® + r 4 g^ + .. + r n g^ + hr n logr + ■■■ (8) 

when n is even, with g = r 2 g + \M, and symmetric tensors g^ 2 \ g^\ 
... up to g 2 ( n_1 ) and Tr g g( n > are determined by g, and Tr g h = 0. 

(c) Letr andf be two special defining functions as in (a) associated 
with two different conformal representatives in the conformal class of 
metrics in [g]; then 

r = re w (9) 
for a function w on [0, e) x M satisfying 

w r + r(w 2 + \d M w\ 2 ) = 0. (10) 
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Furthermore, the power series expansion of w at r = consists only 
of even power of r up through and including the r n+l term. 

Now for a fixed smooth function defined on M, we consider a 
family of conformal metrics gt = e 2tr ^g on M. By Lemma E] there exist 
functions rt on a neighborhood of M in X such that 

g+ = \(dr 2 + h t (r u -)), (11) 

n 

where ht(c,-) is a metric defined on Mt jC = {rt = c} C X. Further- 
more, we have the following asymptotic expansion 

ht=9t + r 2 gf ] + ■■■. (12) 
For a point p € X, define 

Tfl(t sP )=l0g(2M). 

On the boundary, we have that w(t,-)\M = t<p(-). Thus, w(t,p) = 
w(t,r,x) is a smooth extension of t<j>(x) to Xt c '■= { r t < c} C X for 
some proper c. We then get the following from Lemma HI 

Corollary 5 For (t,x,r) G [0, 1] x [0, e) x M, we have 

d 

-^-\ r =ow(t,r,x) = 0. (13) 
or 

d 2 1 

7^2 \r=ow(t,r,x) = --t 2 \d M <P{x)\ 2 g . (14) 

Qk 

\ r =ow(t, r, x) = 0, for k odd. (15) 

Qk 

—^\ r =ow(t,r,x) = 0(t 2 ), for k even, < k < n. (16) 
In particular, we have 

w(t, r, x) = t(j)(x) - ^t 2 \ V M <Kx)\ 2 r 2 + 0(tV). (17) 

and 

— \t=ow(t, r, x) = (j)(x), (18) 
at 

independent of the choice of the defining function r. 
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For future use, we define a useful vector field associated to the 
conformal metric variation. 

First we notice that, fix an e small enough, for a given point p € 
[0, e) x M = X() t€ , for each t, we can assign a local coordinate chart 
p = (r t , x t ) G X te for t £ [0, 1], with r = r, x = x and with x t defined 
as prt(p), the projection image of p onto M under the metric rfg + . 

For each fixed c < e, denote M Cji = {p € X|r t = c}, then by 
Lemma SI the set M Cy t is diffeomorphic to M via the projection with 
respect to the metric rfg + . Hence, they are diffeomorphic to each 
other. For a fixed level set M c := M Ct o, since the projectoin prt is a 
small perturbation of pro when t is small, the map p — > (c, xt) gives 
arise to a diffeomorphism of M c ; hence it introduces a vector field 

F c :=F C>0 = ^-\ t =o(c,x t ) (19) 
at 

on TM C . Since M c is naturally diffeomorphic to M, without confusion, 
we also denote the pushed- forward vector field on M as F c . 

It is worth pointing out that: the vector field is induced from the 
one parameter family of points Xj, which depends on the original point 
p; hence the induced vector field depends on the choice of c. 

Since we have a family of diffeomorphisms to identify a neigh- 
borhood of M in X with [0, e) x M, given a local coordinate chart 
(x , • • • , x n ) on M, (r t , x , ■ ■ ■ , x n ) is a coordinate chart on M Cjt , for 
each t. Thus, a given point p G X near M can be represented in these 
coordinate system as (r t ,xt), respectively. 

We now consider the volume of g+ at a given point p E M. For 
future convenience, we will omit the foot index 0, and denote h = ho, 
9 = 9o = ho\xM, r = tq, x = xq etc. Thus, p = (r,x) and the metric 
r 2 g + is compact. 

Recall r t (p) = re w ^ near M. For each t, by §U§ and (fT2l) . 



dvol g +(p) =r t n 1 dr t dvol ht (r t ,x t ) = r t n dr t dvol gt (x t ) , 



(20) 



and 



Notice that, via diffeomorphism, we can view dvol gt {xt) as a ra-form 
on M n ,f 
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We now proceed by take the time derivative of Equation (|20p . For 
notational convenience, we define the following linear operator 



We prove a technical lemma. 

Lemma 6 At the point p = (r,x), the following formula hold: 
(a) 

D(drt)(r,x) A dvol g (x) = 4>(x)dr A dvol g {x). 

(b) 

D[v^(x t ,g t )} = (F r v^)(x,g) + D[v( k \x,g t )}, 
where the definition of F r is given in U9\) and the remarks following 

(c) 

D[dvolg t {xt)} = [Cf r (dvol g )](x) + n(f>{x)dvol g (x), 

where C is the Lie derivative on M r with respect to the given vector 
field. 

Proof of Lemma [6l Since r% = e w ro = e w r, we have 

drt = rtdw + e w dr. 

Apply D to both sides of above equation, and use Lemma [Hand (fT8|) . 

D(dr t ) = rd(j) + rcf>dw\t=o +<f>dr 
= rd(j) + (j)dr. 

We then wedge above expression with dvol g (x), and observe that the 
term rd<f>{x) A dvol g (x) = at the point p = (r,x), we have thus 
established statement (a). 

Statement (b) follows directly by Leibniz rule and (PT9|) . 

To prove statement (c), we apply Leibniz rule again and get 

D[dvol gt (xt)\ = D[dvol g (xt)] + D[dvol gt (x)]. 
Notice that when restricted to M, gt = e 2t< ^g, the result follows easily. 
We now give the proof of Theorem [2 
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Proof of Theorem [2j Starting with the following basic equation 



= D{dvol g+ (p)) 

= D{r^- l C£v^{x t ,g t )r k t )dr t dvol gt {x t )), 
k 

we use Leibniz Rule and apply (17) and Lemma 5 above to get 
= ^r k - n ~ l {D[v {k) {x u g t )\ + k^(x)v^ k) (x, g)}dr Advol g (x) 

k 

+ Y, rk ~ n ~ ldrC Fr[v {k) dvol g {x)}. (21) 

k 

We integrate ( [2Tj) over M r which is identified to M via the canon- 
ical diffeomorphism. Since the form involving the Lie derivative is 
exact, it will vanish after the integration. Thus, we get 

drVr^ 1 f {D[v^(x t ,g t )] + k(f>(x)v^ (x, g)}dvol g (x) = 0. 

JM 

(22) 

Now notice that the above equation holds for all small r, we prove 
the following identity: 

Claim 7 

{D[vW (x, g t )} + kcP(x)v^ (x, g)}dvol g = 0. (23) 



I M 

We now finish the proof of Theorem [2l 

Given g t = e 2t( ^g a variation of metrics on M in the conformal class 
of g, denote V = J M dvol g . Then, 

D[F k (gt)] = / D[v^(x,g t )]dvol g (x) + n [ v^(x, g)<f>(x) dvol g (x) 

n-2k 



-. 2k , , 

V ~ JM JM 



nV 2 ~~^~ Jm ' Jm 

2k f (2fc) _ f M v<M(g,x)dvol g (x) 



(j) dvol g I v^ 2k \x,g) dvol g (x) 



n 



- ^ ^ ^-!-U dvoL. 



-i 2 k I L T T 
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It implies that, when n > 2k, the critical metric g of the functional 
Tk satisfies 

v (9) = constant. 

When n = 2k, the computation shows that the functional is invariant 
under the conformal deformation. 



3 Computation of for n > 4 

In this Section, we verify the formula for . In particular, we prove 
that for any dimension n > 4, equals to (72(A) up to a constant. 
We remark that this formula is stated without proof in [G J06] , and 
the method of derivation is known to experts in this field, thus we will 
be brief in our derivation. 

We start with the basic equations 

Ric(g+) = -ng+, (24) 
9+ = ^(dr 2 + h(r,-)) (25) 

h = g + r 2 g( 2) + r 4 5 (4) + h hr n logr + ■■■. (26) 

For future convenience, we denote 

C h = gWg-\ 

First, we have the following Lemma, which follows from a simple 
computation. 

Lemma 8 

= \TrC 2 , 

» (4) = \[TiC i + a 2 (C 2 )-- A (TT C 2 ) 2 ]. (27) 

We set up a local coordinate {x\, • • • , x n } on M r ; thus, {x\, • • • , x n , x n+ \ = 
r} is a coordinate on X. By (|24|) and ([25|) . we get, 

r/^ + Cl-n)^.-^,^ Ric(h)ij = 0, 

(28) 
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where we use ' to denote the derivative with respect to r and Ric(h) 
is the Ricci curvature of the submanifold M r with respect to the re- 
stricted metric h(r, •). 

We analyze ([28]) by ([26]) . Since n > 4 we get 



h' = 2rgW +4rV 4) +0(r 4 ), 

h" = 2gM + 12rV 4) +0(r 3 ). (29) 
Studying the coefficient of r in (|28p . we get a tensor equation over M, 
2g m + (1 - n)(2 5 ( 2 )) - 2g kl g$g - 2Ric(g) = 0. (30) 
Taking trace with respect to g, which we will denote as Tr s , we get 

R g = (2-2n)Tr 9 </ 2 ), 



J q = , Rg : =-TiJ 2 \ (31) 

9 (2n-2) gy V ; 

Combine ([30]) and ([51]) . we get 

# (2) = (2^) ( ffic ^ " J f ) = - P «- ( 32 ) 



and 
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We now apply the same method to compute v^. Studying the 
coefficient of r 3 in (I28j) . we have 



I2g^ + (1 - n)(4g (4) ) -a-^ + 7 -2<5 = 0, (33) 

where a, /?, 7, <5 are the coefficients of r 3 in Tr[/i _1 /i']/i, rfi ' h~ l h' , ^h^h'h' 
and r Ric(h), respectively. 

We now compute these coefficients. First notice that 

h- 1 = [(Id + B)^- 1 = g- 1 (Id-B + B 2 -B 3 + •••), 

= g-\l-r 2 C 2 -r*C 4 + r 4 Cl + o(r 4 )). (34) 

Combing with ([28]) . we get 

a = -2(Tr C 2 2 )g + T, g [{Ag^)\g + Tv a [2g^]g^ . (35) 
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Similarly, we can get, 

(3 = 2gW g- 1 {2g®), (36) 

7 = iTr 9 [2 5 ( 2 )](2 5 ( 2 )), (37) 

Thus, by (|33|) . we get 

= 12g& + (1 - n)(4g^) + 2(Tr C\)g - Tr g [(Ag^)]g 
-Tr g [2gW)gV - Ag^ g^ g® + 2Tr g [g^]{g^) - 28 (38) 

Taking trace with respect to g, we get 

(16 - 8n)Tr 9 c/ (4) + (2n - 4)(Tr C|) - 2Tr 9 <5 = 0; 

or, equivalently we get the fomula 

[(8 - 4n)Tr C 4 + (n - 2) (TV Cf )] - Tr ff <5 = 0. (39) 

Regarding to the term involving 5, we will prove the following 

Lemma 9 

Tr g 5 = (4 - 4n)Tr C 4 + (n - l)Tr C|. 

This lemma can be verified by relating the scalar curvature of g 
to that of the scalar curvature of g+ and h(r, .). The computation is 
tedious but relatively routine. We will skip the detail here. 

Combine the formula in [39] and [9j we have 

Tr C 4 = Tr Cf. (40) 
By Lemma [8] and ([4D|) , we get 

t/ 4 ) = ~[TrC4+a 2 (C 2 )-(JxTrCi)] = l(a 2 (C 2 )-i<7 2 (C 2 )) = ~a 2 (C 2 ). 

Noticing that C 2 = —Pg, where P g is the Schouten tensor, we have 
established the following 

Theorem 10 For n > 4, we /iaue 
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4 Variational property of 

In this section, we study the properties of 



l 

3(n~ 4) 



^(9) + ^—r,(P 9 ) l3 (B g ) 13 



We give a direct proof of the following special case of Theorem [2J 

Theorem 11 For any metric h on M and 6 < n = dirnM, define a 
functional 

Mh)= f v i& \h)dvol h /{! dvol h )^, (41) 

J M JM 

then J-3 is variational within the conformal class; i.e., the critical 
metric in [h] satisfies the equation 

v ^ = constant. (42) 

For n = 6, we have that F^{h) is constant in the conformal class [h]. 

To prove the theorem, we first recall some basic conformal trans- 
formation law for the curvature invariants involved. 

Lemma 12 For a fixed smooth function 4> defined on M , we consider 
two conformal equivalent metrics, g and = e 2 ^g on M . Then we 
have, under a local coordinate system, 

P{9<t>)ij = Pij ~ foi + <t>i<t>j ~ \W(t>?9ij, (43) 

B{g^)ij = e- 2 ^ - (n - 4)(C lkj + C jki )<\> k - (n- 4)W fc ^V] ! (44) 

where W and C are the Weyl tensor and Cotten tensor of g, respec- 
tively. 

We now consider a family of conformal metrics on M, gt = e 2t< ^g 
and denote D = 4f\t=o as before. 

Now we can compute D[J r ^(g t )]. We separate the computation in 
two steps. 
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First, 



D J B tj (g t )PV(g t )dvol(g t ) 

J {D[Bij(g t )]P i:j + BijDi&igWydvol + B tj P^ D[dvol(g t )}} 
j [-tyBijP 1 * - 2(n - 4)C ijk P ij </) k - B ij( j) ij + (n - A)c/)B ij P ij }dvol 
J [^BijPV - 2(n - 4)C ijk P ij <j) k + VBijft + (n - i^B^P^dvol 
f [-2(n - 4)C ijfc P^ fc - (n - 4)Q jfe P^> fc + (n - ^B^P^dvol 
[ [-3(n - 4)C ijk P ij cf) k + (n - Q^B^P^dvol, 




Second, define the Newton tensor as 



Then we have 




(45) 



By the Bianchi identity, we have 




(46) 



Thus, we have 
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= / K " JjP ij - J J'' + P ik lk + C kij P kj + ^[TrgiP^jfcdvol 

= J [C^Pkjfr + V> 2 + ^(Tt 9 P 2 - J 2 )]&dvol 

= J C kij P k3 4>idvol. (47) 

Finally, we can combine these to get 
DT 3 (g t ) 

~[D ( j <T 3 (g t )dvol(g t )) + j B tJ (g t )P^ (g t )dvol(g t )] 

= (n-6) J v {&) (pdvol. (48) 
Theorem [11] then follows easily. 

Remark 13 From \4^ and ^44\ )> we see that the equation 

v^(g w ) = constant. (49) 

is a second order PDE in terms of the conformal factor w. This is 
in analogue of ak(g w ) = constant equation which has been intensively 
studied in recent years. It remains to see under what conditions can 
the PDE ^49\ ) be solved for metrics in a fixed conformal class and if the 
sign of the integral J v^(g)dv g plays some role and carries geometric 
information as in the case for J v^\g)dv g on manifolds of dimension 
3 and 4 (cf. [GV01, CGY02]). The authors wish to report some 
further study of this problem in the future. 
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